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Abstract 

We compute the symplectic invariants of an arbitrary spectral curve with only 1 
branchpoint in terms of integrals of characteristic classes in the moduli space of 
curves. Our formula associates to any spectral curve, a characteristic class, which is 
determined by the laplace transform of the spectral curve. This is a hint to the key 
role of Laplace transform in mirror symmetry. When the spectral curve is y = \/x, 
the formula gives Kontsevich-Witten intersection numbers, when the spectral curve is 
chosen to be the Lambert function e x = ye~ y , the formula gives the ELSV formula for 

Hurwitz numbers, and when one chooses the mirror of C 3 with framing /, i.e. 
e~ x = e~ y f (1 — e~ y ), the formula gives the topological vertex Marino- Vafa formula, 
i.e. the generating function of Gromov-Witten invariants of C 3 . In some sense this 
formula generalizes ELSV, Marino- Vafa formula, and Mumford formula. 



1 Introduction 

In [16] were introduced some " symplectic invariants" of a spectral curve (we call spectral 
curve a plane curve, i.e. a Riemann surface embedded into C 2 , often chosen as the locus 
of zeroes of an analytical function E(x,y) = 0). Those invariants play an important 
role in random matrix theory, and in many enumerative geometry problems. They 
were first introduced in relationship with random matrices and enumeration of discrete 
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surfaces. Indeed, if the spectral curve S is chosen as the spectral curve of a matrix 
model, then the g th symplectic invariant F g (S) is the g th term in the large size expansion 
of the matrix integral, and it is the generating function enumerating discrete surfaces 
of genus g (in fact this is the property which initially motivated the definition of 
symplectic invariants |12j). 

Later it was realized that symplectic invariants of the spectral curve y 2 = x are 
the generating function of intersection numbers of Chern classes in Aig jn (the moduli 
space of curves of genus g with n marked points), i.e. Witten-Kontsevich intersection 
numbers [T3] . 

Then it was realized that they can also encode Gromov-Witten invariants [281 UJ • 
If X is a toric Calabi-Yau 3-fold, and S = X is its mirror singular curve (the mirror 
[T§] of a toric CY3, is a CY3 whose singular locus is a plane curve, which we call the 
mirror curve X), then it was conjectured by Marino [28] and then more precisely by 
Bouchard-Marino-Klemm-Pasquetti in [7J, that F g (X) is the generating function of 
Gromov-Witten invariants counting stable maps of genus g into X (BKMP conjecture 
[7]). That conjecture was proved in a few cases [HI 157] . 

So we see that for "good" choices of spectral curves, the symplectic invariants have a 
beautiful enumerative geometry interpretation, they count some "number" of surfaces, 
or some "intersection numbers" in the moduli space of curves or maps. 

However, for an arbitrary spectral curve, different from the "good ones" listed 
above, it was so far not really known what symplectic invariants were counting. 

Here in this article, we relate the symplectic invariants of an arbitrary spectral 
curve, to some intersection numbers. Our formula is reminiscent of the ELSV formula 
[TU] [TTj (relating Hurwitz numbers to intersection numbers of one Hodge class), or 
Marino- Vaf a formula [2H] for the vertex case, and the Mumford formula [32] (which 
rewrites the Hodge class in terms of if) and k classes). 



Our formula for only one branchpoint is given by theorem |3.3| below, which we write 
here: 

Theorem 13.31 

Wj»\S a] z x ,...,z n ) = 2 d °>» Yl Il^te) /el^^^e^^n^- 

<2lH Mn<d 9 ,n i \ i 

where the notations will be defined below. To stay in an introductory level, we just 
point out that the left hand side of that formula is defined from the geometry of a 
spectral curve, i.e. a complex plane curve (therefore a type B quantity), whereas the 
right hand side contains intersection numbers of homology classes in some moduli- 
space, i.e. a type A quantity. This looks like a kind of mirror symmetry [19] . where 
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the "mirror map" relates the B-moduli of the spectral curve, to the type A moduli tk, 
d^d, B in the right hand side, by Laplace transform. 

Let us now define our notations. 



2 Symplectic invariants of spectral curves 
2.1 Spectral curves 

Intuitively, a spectral curve S is a plane curve, i.e. the locus of solutions of an an- 
alytical function E(x,y) = in C 2 . In particular, it defines a Riemann surface C, 
and two projections x : C — > C and y : C — > C. By definition {(x,y) \E(x,y) = 
0} = {(x(z),y(z)) | z G C}. For example for the spectral curve y 2 = x, we have 
{(x,y)\y 2 = x} = {(z 2 ,z)\zeC}. 

For our purposes, it is more convenient to define the spectral curve directely from the 
parametrization (C, x, y) where C is a complex curve (a Riemann surface, not necessarily 
compact), and x and y are two analytical functions C — > C. 



Definition 2.1 A spectral curve S, is the data of: 

S = (C,x,y,B) (2.1) 

• C is a complex curve (a Riemann surface, not necessarily compact), 

• x and y are two analytical functions C — > C. 

• B(z,z') is a "Bergman kernel", i.e. a symmetric 2nd kind differential on C x C, 
having a double pole at z — z' and no other pole, and which behaves like 

^/ /x dz <S> dz' _ . , n _ 

B(z,z') ~ ^ + 01 (2.2) 

z^z' [Z — Z') z 

in any local parameter z. (In general the Bergman kernel is not unique, one may add 
to it anything which is holomorphic (with no pole) in C x C and symmetric). 



• An important example of spectral curve is: 

y 2 = x (2.3) 

which can be parametrized by two functions x(z) = z 2 and y(z) = z for a complex 
variable z G C = C, and with the Bergman kernel 

BM = ^. (2.4) 
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In other words 

S = (C,x(z) = z\ y(z) = z,B). (2.5) 

This spectral curve, often called "Airy curve"[^] plays an important role in Witten- 
Kontsevich theory, as we shall see below. 

• Another interesting example is: 

e x = ye~ y , (2.6) 

called the "Lambert curve", because y = L(e x ) where L is the Lambert function. It 
can be parametrized by x(z) = — z + lnz, y(z) = z, z G C = C* and the Bergman 
kernel is again chosen to be 

„. ,. dz <g> dz' , 

Our spectral curve is thus 

S = (C* \ R_, x{z) = -z + In z, y(z) =z,B). (2.8) 

This spectral curve plays an important role in Hurwitz numbers counting (as was 
noticed by Bouchard and Marino [8] and proved in jT5j [6]), and reproved below in 



section 8.2 as a consequence of theorem 3.3 



• Another interesting example is: 

e~ x = e- fy (l-e~ y ), (2.9) 

called the "topological vertex curve", because it is the mirror curve of the framed 
topological vertex (/ g Z is the framing), indeed writing X = e~ x and Y = e~ y , it 
satisfies: 

X = Y f (l-Y). (2.10) 

It can be parametrized by x(z) = —f Inz — ln(l — z), y(z) = — \nz, z G C = C* \ 
(—oo,0] U [1, oo), and the Bergman kernel is again chosen to be 

, dz®dz' 

B(z,z) = I — f . (2.11) 

Our spectral curve is thus 

S = (C* \ (-oo,0] U [l,oo),x(z) = -/ ]nz-ki(l-z),y(z) = - \nz,B), (2.12) 

This spectral curve plays an important role in the Gromov-Witten theory of C 3 as was 
noticed by [7] and proved in [9l [37] , and reproved below in section [5] as a consequence 
of theorem 13.31 

2 It is often called Airy curve because its symplectic invariants can be written in terms of 
Airy function. For instance J2 g w i 9 \ z ) = (Ai'(z 2 )Bi'(z 2 ) - z 2 Ai(z 2 )Bi(z 2 ))2zdz = -E 9 ( 6 5 ~ 
3)!!/( 5 !3f2 5 9- 1 )z 2 - 6 9dz. 
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2.2 Branchpoints 

A branchpoint is a zero of dx, i.e. dx(a) = 0. Let us assume that a is a regular 
branchpoint, i.e. it is a simple zero of dx, and we have dy(a) ^ 0. This means that 
locally near a the curve has a square-root behavior: 

y(z) ~ y(a) + y'(a) \J x{z) — x{a) + 0(x(z) — x(a)) (2-13) 

or also, that ((z) = yx~{z) — x(a) is a good local parameter near a. 

In the vicinity of a, the square root has two branches, and we denote z the point 
corresponding to the other sign of the square-root, i.e. the unique other point in the 
vicinity of a such that ((z) = —((z), or also 

x{z) = x{z). (2.14) 

Notice that z is well defined only when z lies in the vicinity of a branchpoint, it is (in 
general) not globally defined for any z EC. 

Near a branchpoint a, we can Taylor expand, and define the "Kontsevich times": 

Definition 2.2 The times tk of a branchpoint a, are the coefficients of the Taylor 
series: 

oo 

y(z)~J2tk+2( k , t=y/x(z)-x(a). (2.15) 

fc=0 

• Example for the Airy spectral curve S = (C,x(z) = z 2 ,y(z) = z,B), we have 
dx(z) = 2zdz, which vanishes at z = a = 0, there is only one branchpoint. We clearly 
have z = —z, which in this case is globally defined. In that case, we have the times: 

4 = 4,3- (2.16) 

• Example for the Lambert spectral curve S = (C* \ R_,a;(z) = —z + In z, y(z) = 
z, B), we have dx(z) = dz, which vanishes at z = a = 1, there is only one branch- 
point. Near z = 1 we have z = 2 — z + ^(z — l) 2 + . . . 0(z — l) 3 , which in this case is 
not globally defined. In that case the times tk are given by 

2/ = i + zv / 2C-|c 2 + iil^? C 3 + - - - , C = v^TT. (2.17) 

2.3 Symplectic invariants 

Symplectic invariants were introduced in [16]. For a spectral curve S = (C, x, y, B), we 
define: 
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Definition 2.3 The " symplectic invariant descendents" Wn (S; z%, . . . , z n ) with n > 1 
and g > are defined by: 

w[ Q \z)=y{z)dx{z), (2.18) 

Hf^z'Hi^z'), (2.19) 

and /or 2g — 2 + n > 0, fry tae "topological recursion" {12} 

j 

W^z^zT^Tj:) = V ResX(^) fafe 1 * (*,*,./) 

z — » z— >-a L 

a=branch points 

+ E E ^/(^ J ) J \ J )] ( 2 - 20 ) 

h=0 IC.J 

where Y^' means that we exclude from the sum all terms which contain a factor 
and the recursion kernel K is: 

^>= 2(i-^M - <2 - 2i) 

(zi, ...,z n ) is a meromorphic 1-form for each Z{ e C, it is symmetric in all the 
Zi 's. For 2g — 2 + n > 0, it has poles only at branchpoints, without residues, and the 
degree of the poles are < 6g — 4 + 2n. 

Wi 9) with 2 - 2g - n < are called stable, and those with 2 — 2g — n > are called 
unstable (only and are unstable). 

The symplectic invariants themselves are F g = W ( n 9 l Q for n = 0, and are defined as 
follows 

Definition 2.4 For g > 2, the symplectic invariants of S are defined by 

F g (S) = W<°\S) = - J— £ Res ( 2 - 22 ) 
2 — 2q * — ' z^a 

a=branch points 

where &(z) is any function defined locally near a such that 

d$ = ydx. (2.23) 

For g = 1, Fi is defined as 

Ft(S) = — In I r B ({xi = x(ai) \ a { = branchpoints}) ] J y'(a) j (2.24) 

V a=branch points / 

where y'(a) = lim^a -M^MM= ; and 7s (xi, . . . , x^) is the Bergman Tau-function de- 

y/x(z)-x(a) 



fined by [2. 



^ (x ^'" Xfc) = Res ^4 (2-25) 

<7X, z^cii dx[Z) 
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where x, = x{ai) are the x -projections of branchpoints. There is also a definition of 
F (S), see JJE/, but we shall not use it in this article, we just notice that F (S) doesn't 
depend on the Bergman kernel. 

Our goal, is to relate symplectic invariants of an arbitrary spectral curve, to the 
combinatorics of intersection numbers in the moduli space of curves. 

2.3.1 Examples with 1 branchpoint 

Assume that there is only one branchpoint at z = a. It is convenient to define: 

(2d - IV 

dUz) = - Res B(z,z') y — '- r 

2 d (x(z') - x{a)) d+ 2 

and the Taylor expansion of y(z) near z = a: 

oo 

y(z) = y(a) + ^ **+2 (x(z) - x(a))? 

k=0 

1 3 

= y(a) + ts (x(z) — x(a)) 5 + t^ (x(z) — x(a)) + t 5 (x(z) — x{a))^ + . . . . 

and the Taylor expansion of B(z, z') near a: 

dx(z) ® dx(z') r 1 



B(z,z') 



A^J x{z) — x(a) ^x(z') — x(a) L {yjx(z) — x(a) — yjx(z') — x(a)Y 
Bk,i (x(z) — x(a))2 (x(z) — x(a)) 5 dx(z) dx(z') 



For low values of g and n, a direct computation of residues gives: 

W 3 {0 \z h z 2 , z 3 ) = -J- d£ ( Zl ) dU*2) d£ Q (z 3 ) (2.26) 

Wi 1] (z) = ^- U x (z) - |j + ^ d£o(z) (2.27) 



Wi°\z 1 ,z 2 ,z 3 ,z i ) = —2 (^1(^1)^0(^2)^0(^3)^0(^4) +sym) 
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Y— 2 B 0fi dU^i)dU^)dU^)dU^) (2.28) 



Atl 



and so on... Our goal, is to interpret the coefficients, like l/24t 3 , or —3t 5 /2t 3 , or 
Bo o/At^, in terms of intersection numbers. 
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3 Intersection numbers 



3.1 Definitions 

Let Ai 9t n be the moduli space of complex curves of genus g with n marked points. It 
is a complex orbifold (manifold quotiented by a group of symmetries) , of dimension 

dim Aig t n = dg tn = 3g — 3 + n. (3.1) 

Let (C,pi, . . . ,p n ) G M.g, n be a complex curve C with n marked points pi, ■ ■ ■ ,p n - Let 
Ci be the cotangent bundle at p iy i.e. the bundle over M. g , n whose fiber is the cotangent 
space T*(pi) of C at pi. It is customary to denote its first Chern class: 

ipi = ci(£i). (3.2) 

ipi is (the cohomology equivalence class modulo exact forms, of) a 2-form on .M 9i „, 
therefore it makes sense to compute the "intersection number" 

(rl>?...itir)= f (3-3) 

on the compactification M. g , n of M. g , n (or more precisely, on a virtual cycle [] vir of 
Ai 9t n, taking carefully account of the non-smooth curves at the boundary of A4 9} n), 
provided that 

/]dj = d g>n = 3g - 3 + n. (3.4) 

i 

If this equality is not satisfied we define (^f 1 . . . gn = 0. 

More interesting characteristic classes and intersection numbers are defined as fol- 
lows. Let (we follow the notations of [21J, and refer the reader to it for details) 

VT : Mg, n+ l ~> Mg, n 

be the forgetful morphism (which forgets the last marked point), and let G\, . . . , a n be 
the canonical sections of ir, and Di, . . . , D n be the corresponding divisors in M. g n+1 . 
Let u> n be the relative dualizing sheaf. We consider the following tautological classes 
on Mg tn : 

• The ipi classes (which are 2-forms), already introduced above: 

It is customary to use Witten's notation: 

if = r dl . (3.5) 



<S 



• The Mumford Kk classes [32j |3J: 

K k = 7T,(Ci(w w (^ Di)) k+1 ). 

i 

Kk is a 2A;-form. k is the Euler class, and in Aig jn , we have 

= ~Xg,n = 2g - 2 + n. 

K\ is known as the Weil-Petersson form since it is given by 2n 2 Ki = dU A ddi in the 
Fenchel-Nielsen coordinates (h,6i) in Teichmiiller space 

In some sense, k classes are the remnants of the ip classes of (clusters of) forgotten 
points. There is the formula [3J: 

^t---€ n €ti =^...^«* (3-6) 

n*7T*^ . . . V** V>n+1 V£# = ^ ■ • • V#* («* + (3-7) 

and so on... 

• The Hodge class A(a) = 1 + YX=i (~l) fc «" fc c fc (E) where c fc (E) is the A; th Chern 
class of the Hodge bundle E = Mumford's formula [321 HH] says that 

where Bk is the k th Bernoulli number, 5 a boundary divisor (i.e. a cycle which can be 
pinched so that the pinched curve is a stable nodal curve, i.e. replacing the pinched 
cycle by a pair of marked points, all components have a strictly negative Euler char- 
acteristics), and Is* is the natural inclusion from A4 g , n to M. g -i tn+2 + Yl'hm-M-h,m+i x 
M. g -h,n-m+i, where Yl'hm means that the sum is restricted to stable moduli spaces 
only. In other words J2 S Is* adds a nodal point in all possible ways. 

In fact, all tautological classes in M. g<n can be expressed in terms of ^-classes or 
their pull back or push forward from some M.h,m |5j- Faber's conjecture [IE] (partly 
proved in [31] and [21]) proposes an efficient method to compute intersection numbers 
of if), k and Hodge classes. 

3.2 Some already known cases 

It is already known that : 

Theorem 3.1 If S is the Airy curve y = ^Jx, i.e. more precisely S = (C,x(z) = 
z 2 , y(z) = z, B(z, z') = dz <g> dz' / (z — z') 2 ), one has for 2g — 2 + n > 

W?>(*,...,«,) = (-2)*- £ fl {2d '+S dZ ' (f[A ■ (3-9) 

dlH \-d n =d g>n i=l i \i=l / g jTl 
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In other words the symplectic invariants of the Airy curve, generate intersection num- 
bers of if) classes. For the airy spectral curve, we have F g = 0. 



This theorem is a corollary of the following one, slightly more general: 

Theorem 3.2 (proved in | I3 1 L 1261 113] ) If S is the deformed Airy curve y 
^2 k t k +2X k/2 , i.e. more precisely S = (C,x(z) = z 2 ,y(z) = ^ k t k+2 z k , B(z, z') 
dz ® dz'/(z — z') 2 ), one has for 2g — 2 + n > 

w?>(*x, . . . , Zn ) = (-2)*.- £ n {2di ^ dZi (n ^ ^ khKk 

dlH \-d n <d g ,„ i=l i \i=l , g ^ n 

(3.10) 

In particular for n = and <? > 2 

F 9 = 2 2 " 29 /eE*****) , (3.11) 



9,0 

where the dual times t). are defined by 

e -E,^n- fe = ^(2A; + 1)!! t 2fe+3 «- fc . (3.12) 

In oi/ier words the symplectic invariants of the deformed Airy curve, generate intersec- 
tion numbers of ip and k classes. 

proof: 

This theorem can be deduced from the work of [3T1I26] through Virasoro constraints. 
Another proof can be found in [13] by an argument similar to Kontsevich's [23], i.e. us- 
ing the Strebel decomposition of the moduli space, to write those intersection numbers 
as expectation values of the Kontsevich matrix integral, and then computing those 
expectation values by integrating by parts in the matrix integral (i.e. solving loop 
equations). □ 

Our goal is to generalize those formulae relating symplectic invariants to intersection 
numbers, to arbitrary spectral curves. 

3.3 Main theorem 

Our main theorem is 

Theorem 3.3 Let S a = (C,x,y,B) be a spectral curve, with only one branchpoint a. 
Its symplectic invariant descendents, for 2 — 2g — n < 0, are given by the intersection 
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numbers: 



Wjf\S a ; Zl , . . . , z n ) = 2 d °>" 11^^) /e5^^W)e^^n^7 

dlH Vd n <d„ n i \ i I 



9,"- 



(3.13) 

In particular for n = 0, the symplectic invariants F g = for g > 2 are the following 
intersection numbers 



F g (S a ) =2 3ff ~ 3 /e&sis.BW) g: k i k KH\ . (3. 14 ) 

In this formula: 

• the times tk are computed from the Laplace transform of the 1-form ydx 

- k 2 7/ 3 / 2 P ux ( a ) f 
e~^ tkU = !. e~ ux ydx (3.15) 
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where ^ is a steepest descent path from the branchpoint to x = +oo, i.e. #(7) — x(a) = 

• t/ie 1- forms d^d{z) are defined by 

(2d - IV 

d&te) = - Res . . ,\ /'; wi1/0 (3.16) 

S V ; *'^a v ' ; 2 d (x(^) - ^(a))^ 1 ^ v ' 

• £/ie kernel B 

B(^^') = J2B k ^ k r (3.17) 

fc,Z 

zs defined by the double Laplace transform of the Bergman kernel: 
,_, (uu / ) 1 / 2 e( u+u ') x (°) 

(3.18) 

where the integral is regularized by substracting the "trivial part" of the double pole 
° ® dx(z 2 ) 1 



= (W)1/2 e( " + " /)a(a) f [ e""We-^ fas,*') 



A^Jx(z 1 ) - xjaj \/x(z 2 ) - xjaj {\/ x(z 1 ) - xjaj - y / x(z 2 ) - x(a)) 2 

(3.19) 

• means the sum over all boundary divisors 5, and Is* is the "operator pinch- 
ing the boundary cycle 5" to a nodal point. It adds a nodal point, i.e. two marked 
points, respecting stability constraints (each component must be stable, i.e. have 
strictly negative Euler characteristics) . Is* is the natural inclusion from 5M. gn to 
M-g-i,n+2 + E/im-^M+i x ■^■g-h,n-m+i, where means that the sum is restricted 
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to stable moduli spaces only, ip and ip' are the first Chern classes of the cotangent line 
bundle of the nodal point. 



Written in Laplace transform, Eq. (3.15) reads 



n I „ „ n 

Y[J- e* x{a) / . . . / j] e-i**™ Wi 9) ( Zl , . . . , z n ) 



i=1 v Jz^j Jz n ej i=1 



II 



= 2 d ^ +n e^s^ih^H' 1 eEh**** \ ( 3 2 0) 

\»=1 / g,n 

where 

(inA 1 / 2 p (u+v)x(a) p p 

B{u,v) = 5 / / e-"Me"^fl(^ 

+ Bk,i u~ h v 



2tt 

uv 



(3.21) 

We shall prove this theorem below in section [6] of this article. 
Before, let us see some applications. 

3.4 How to use the formula 



Let us show how to use the formula of theorem |3.3[ First, one needs to know that ip 
is a 2-form, it is assigned a degree 1, and is a 2/c-form, which is assigned degree 
k. k = ~x = 2g — 2 + n is a number (degree 0), and can be factored out of the 
intersection number: 

e t K _^ e (2g-2+n)t _ ^£ \2-2g-n 

An intersection number is non-zero only if the total degree is d gtU = 3g — 3 + n. 
This means the e^ fe * fcKfc can be truncated to k < 3g — 3 + n, and the exponential can 
be Taylor expanded and the Taylor expansion can be truncated to order < 3g — 3 + n. 

Similarly, notice that I* diminishes d g ^ n by 1, so we may truncate the Taylor expan- 
sion of Q^r 1 *^^' 1 to order d g n : 



dg.n J A 

-<-<^' -> i+E 7i e n^^-i^*- ( 3 - 22 ) 

j=l k\,...,kj i=l 



• For example for g = 0,n = 3, we have c?o,3 = and k,q = — Xo,3 — 1> so that we 
may replace in M.0,3 

e E fc ?*«* e ?0 , e^w^'W — > 1. (3.23) 
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We thus have 



W 3 (0) (*i, z 2 , z 3 ) = e t0 dtoiz!) d£ (z 2 ) d£ (z 3 ) = dtoizt) d£ {z 2 ) d£ (z 3 ) (3.24) 

Zt 3 



1 



which agrees with Eq. (2.26) 



• For example for g — l,n = 1, we have d\ } \ = 1 and k = — = 1, so that we 
may replace in .Mi 1 



eE*t>* — > e *° (1 + i 1 K 1 ). 



Also, since di 1 = 1, we can replace 



(3.25) 



(3.26) 



The boundary of A^n is a single point, identified with A^o.3- Indeed, there is only 
one possibility of pinching a cycle for a curve in JAi t i, i.e. the torus degenerates into 
a sphere with 1 nodal point, i.e. a sphere with 3 marked points in A^o,3- We have 



< (Z,VV) e E ^ tfjf 1 >i,i=< e E ^ >J >o,3 • 

And in A^o 3> we can replace 



Jo 



(3.27) 
(3.28) 



Therefore, for theorem 3.3 says that: 



W[ 1] (z) = d^(z) {^e t0K0 ^ +i 1 dCo(z) { K i etoKo ) 



toKQ \ 



2 \ / 3,0 



4o 



**0 



#0,1 



W a ! + h dU?) 1 + #o(*) <r 3 > 



3.0 



(3.29) 



where we have used < k x >i,i= 1/24 and < ip >i,i= 1/24 (see appendix pj). We 
have £?o,o = B 0>0 /2 and t\ = —3t 5 /2t 3 , so that this expression agrees with the direct 



computation of Eq. (2.27) 



For example for g = 0, n = 4, theorem 3.3 says that: 



W^Oi ,Z2,*3,*4) = d£i(ziRo(22R (z3Ko(z4) ( ^ e^ ) + sym 



/ 0,4 



+ti d&(2i)c^o(z2)<^o(23)d£o(24) («i e 

Bk, i 
~2 



1 0,4 



+ E ^0(^1)^0(^)^0(^3)^0(^4) e toKo ; n ^ ^3 W e / 



p*o k « \ / A V' e* 0Ko \ 
/ 0,3 \ / 0,3 
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+sym 

e 2t ° d^ 1 (zi)d^ (z 2 )d^ (z 3 )d^ Q (z4) + sym 

+h e 2 ' ^0(^1)^0(^2)^0(^3)^0(^4) 
6 B 

+ _M e 2t d^(z 1 )d^ (z 2 )d^ (z 3 )d^(z i ) (3.30) 



Again, this agrees with the direct computation of Eq. (2.28). 

• Similarly, for W 2 \ we have di >2 = 2 and k = ~Xi,2 — 2, and thus 



^W 2 W { Zl ,z 2 ) = (dUzi)dU^) + dCo(zi)dUz 2 )) (^ 2 e^°) i2 + ^1(^1)^1(^2) (^i^e^^ 

+h (^1(^1)^0(^2) + ^0(^1)^1(^2)) (ipe ioKo K\ 



Namely: 



1,2 

+t 2 d^( Zl )d^(z 2 ) ( e ioKo k 2 ) + I tj d^( Zl )d^(z 2 ) ( e ioKO k\ 

\ 1 1,2 2 \ / .1.2 

+ ^ (^1(^1)^0(^2) + ^0(^1)^1(^2)) Ue ioKo . 
2 \ / 0,4 

#0,0*1 .„ , , „ , , / ,„„•„ \ ,, , , ,, , . / ,/„„•„ 



+ ^0(^1)^0(^2) ( e t0K0 k x ) + B 1>0 ^0(^1)^0(^2) (Ve* , 

2 \ / 0,4 \ / 0,4 

+B , (d£ 1 (z 1 )d£ (z 2 ) + dUzi)diM)) ( ei0K0 ) 03 (^ 0K °) 1 , 
+B lfi dZo(z 1 )dt Q (z 2 ) ( e *° K0 ) 03 (V'e*" 0K0 ) i i 
+£0,0*1 d^( Zl )d^(z 2 ) (e?° K ^^(e ioK0 ^ 
5 2 

+ 



6^ ^0(^1)^0(^2) (e^°) (e*»*°) 
8 \ / 0,3 \ / 0,3 



#0,0 



(3.31) 



+2^ dUzi)dU^)(e t0K0 ) (e*"* 

8 \ / 0,3 \ / 0,3 



W 2 W ( Zl , z 2 ) = 4e 2t <> (^2(^1)^0(^2) + ^0(^1)^2(^2)) + ^^1(^1)^1(^2) 

+ i~2~ ( < ^ 1 ( Zl )^°( 2i 2) + ^0(^1)^1(^2)) 
+ ^d£o(z 1 )d£ (z 2 ) + j| ^0(^1)^0(^2) 

H — ^ (^1(^1)^0(^2) + ^0(^1)^1(^2)) 
B t 

H — ^0(^1)^0(^2) + #1,0 ^0(21)^0(^2) 
+^(^1(^1)^0(^2) + ^0(^1)^1(^2)) 

+ ^^0(^1)^0(^2) + ^ ^0(^1)^0(^2) + 5 2 ^0(^1)^0(^2) 
14 



2 



(3.32) 



• For example for g = 2,n = 0, we have e?2,o = 3 and X2,o — — 2, and theorem 3.3 
says that: 



/ 2,0 



£ oEfc*fcKfc\ 



+2 Vi#s m e 2 



+^ E 

~)~g ^ ^ B%jB mn 

i+j+m+n<l 

/0,3 \ 4 

+2 (^{^^ eI2kikKk ) . (fi^ 1 "^ 

i+j+m+n+p+g<0 



Efe \ 

/ 0,4 



B ijB mn B pq 



48 

2 (v$VSV&e 

+2 ^IV^Vfe 2 ^ 1 ^ ^^'e^ 1 *"^ 

* * 0*3 • * 



3 \ / 0,3 

m ,/>? P^fc \ / il4<ih n >il# P^fc *fc«fc \ 



/ 0,3 



+2 «e 



0.3 



+2 (VlV^fe 



(3.33) 

Namely, that gives (see appendix |B 
4 



/ 1,1 



f/^e^' 



8e 2 * 



t 2 ti 43 t? 



B, 



0,0 



3 2 2 7 15 2 4 5 3 3 2 7 2 
2 ?? ' ?? 4Vi 



_l_-So,o^i -Si.o ^i -Bi,i 



+ 



2 * 24 2 24 2 
10 Bl 



2*24 2 



8 



^2 , ^1 \ i -^1,0 ^1 

24 167 12 
24 7 8 



-"0,0 1 

48 r 







48 


+ 




4 


4 + 




24 



5 



2.0 



48 



(3.34) 



One can check that this agrees with the direct computation of symplectic invariants, 



computing the residues in def. 2.4 



4 The topological vertex 



Specializing theorem 3.3 to the topological vertex's [H [20J |27] spectral curve we get: 
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Theorem 4.1 (Topological vertex and BKMP) For any framing f , choose the 
framed topological vertex spectral curve S vertex = (C*\] — oo, 0] U [1, oof, x(z) = — f In z — 
In (1 — z),y(z) = — In 2, B(z, z') = dzdz' f(z — z') 2 ), i.e.: 

e -x = e -fv(l_ e -vy 

Then we have 



e n^(^) (a(i)a(/)a(-i - /) 



W{f\S veTtex ;z 1 ,...,z n ) = 2 d °" 

d\-\ \-d n ^~oy—o-\-'n t \ 1 1 9 > 

(4.1) 

•where A(a) = l + X/f=i ( — -0 a_fc c fe(^) ^ s ^ e Hodge class fcfe(E) is t/ie fc th Chern class 
of the Hodge bundle E = ^(uv) j, awe? 



In other words we recognize Marino-Vafa formula I2$f for the topological vertex 



^ / '' !(// '' )! 

/ A(1)A(/)A(-1-/) 

\ rii 1 + ^ 



(4.3) 

77ms gwes a new proof of the BKMP conjecture j^jj for the vertex (already proved in 
|3 nfflf). i.e. that the symplectic invariants of the framed vertex spectral curve S vertex 
(which is the mirror curve of C 3 ), are the Gromov-Witten invariants of the framed 
vertex. 

proof: 

We prove this theorem in section [7] below. We just mention that this theorem is 
already known from [9j [36]. We just propose a new proof using only the topological 
recursion. □ 

5 Several branchpoints 

Theorem 3.3| Immediately generalizes to several branchpoints. 



Theorem 5.1 Let S = (C, x, y, B) be a spectral curve with branchpoints a 1; . . . , a^. Its 

symplectic invariant descendents of S are given by 

Wjf\S; Zl ,...,z n ) = 2^ EE E E 

*H Vd n <d g , n m deg. Mg^-HJ^Mg^nj+hj l<a,j<l,j=X,...,rr, 
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i,i=l,...,kj j<j'i=li'=l 



Ii\S-\Hl m =J,#Ii=n 



3 3 3 



III 



n n d ^M) ( A a , n r * > t 5 - 1 ) 

where J = {zi, . . . , z n } and we sum over a// stable degeneracies of M. g , n made of m 
stable connected components, the j th component having genus gj, having rij marked 
points, and kj nodal points. 
We have defined 

• The forms d^d{z) for each branchpoint a 

= - Res B( Z , A 2d{x ^_ x ^ )M/2 (5.2) 

• The double Laplace transfoms of the Bergman kernel 

k,k' 



27T 



l_ 5aa ,)V^/ e-"<*«-*M> / e~ v ^- x ^B(z,z') (5.3) 



• The tautological class A a associated to the branchpoint a: 
where t k are the dual times 

2 ffi p ux ( a ) 

-J2 k t a , k u- k = / e -^{»)dy{z) (5.5) 



'7a 

where the steepest descent contour 7 a /or a branchpoint a, is a connected arc on C, 
going through a, and such that x{^/ a ) — x (a) = R + . And the B a ,k,k' are given by 

B a ,k,k' u' k v~ k ' 



k,k' 
71 



e -u(x(z)-x(a)) / e - v{x{Z,) - x(a)) B(Z,Z') - Ba(z, Z ')). (5.6) 



proof: 



This theorem is the immediate generalization of theorem 3.3, using the methods of 



or an immediate generalization of lemma 6.1 poved in appendix D □ 

6 Proof of the main theorem 



Let us prove theorem 3.3 
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6.1 Kontsevich's curve Symplectic invariants 

Consider a spectral curve S a = (C,x,y,B) where C contains only one branch-point 
located at a. Locally we write the Taylor expansion near x = x(a) as: 

y~Y]t k + 2 (x-x(a))». (6.1) 

k 

The Bergman kernel B(zi,z 2 ) is used to define symplectic invariants. The Bergman 
kernel is a symmetric 2-form on S a x S a with a double pole on the diagonal: 

dz\ £g> dz 2 

B(zi, z 2 ) ~ -, + regular (6.2) 

\z\ — z 2 ) 

where z may be any local parameter on «S a , in particular, if we choose z = ( = 
a/x — x(a) near the branchpoint a, and denote 

° 1 dx± £g> dx 2 

B(z 1 ,z 2 ) -- 



4 y/(xi - x(a))(x 2 - x(a)) (y/x~i - x(a) - \/x 2 - xja))'' 
d(( Zl ) ® d({z 2 ) 



(C(^i)-fe)) 2 ' 

we have that 



(6.3) 



B(zi, z 2 ) — B(zi, z 2 ) = analytical near z 1 — >■ a, z 2 — >■ a. (6.4) 

o 

Let us now consider the same spectral curve with the Bergman kernel B- 

Sa = (C,x,y,B). (6.5) 



S a is the Kontsevich's spectral curve, and thus according to theorem 3.2 (proved 

n-m ° ^ (a) ° 

for instance in [13J), the symplectic invariants W n = Wn (S a )> are (with Q = 
^Jx(zi) - xja) ): 

^(6,..,c)=(-d"2^ e n (2 t^ (^ik 

diH hdn<rf 9 ,n i=l ^* \ i=l / g,n 

(6.6) 

where the times are the Schur transforms of the t^'s, defined through their generating 
function: 

e - EE, h «-» = 2 £ (^±11!! t2fc+3 u -* (6 .7) 

fc=0 
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6.2 Laplace transform and the spectral curve class 

We thus see that we are led to associate to any spectral curve S with one branchpoint 
a, the following tautological class 

e £?=ot"*** = e* 0K0 (l + tiKi + C±Kl + t 2 K 2 ) + (t 3 K 3 + fi* 2 KiK 2 + |k?) + . . . ) (6.8) 

where the times are determined by the generating function 

oo 

G(u) =e- ff(u) = e -£*°=° t " fc,t "* = 2^(2fc + l)!! t 2fc+3 2- fc «- fc . (6.9) 

A;=0 

Notice that we have: 

/•oo °° />oo 

/ e" n:r (|/-y)rfa; = 2e~ ux(a) t 2k+3 (x - x(a)) k+1 ' 2 e~ u( - x - x{a ^ dx 

J x=x(a) k= Q J x(a) 

OO /*00 

= 2e" M ^ ]Tt 2fe+ 3 / C 2fc+1 e" uC2 2CrfC 

fc=0 Jo 

OO /»00 

= 2e— W^t 2fc+3 / C 2fe+2 e"^ 2 rfC 
fc=o 

OO / — 

= 2e~ ux{a) ^t 2fc+3 (2A; + l)!!2- fe - 1 M - /£ - 1 

fc=0 ' 

= X - ^u- 3/2 e~ uxia) e~ g{u) . (6.10) 

In other words, the G(u) = e~ 9 ^ function is related to the Laplace transform of ydx 
along a contour passing through the branchpoint: 

„3/2 ux(a) r 

G(u) = e"^ = 2 — / e~ ux ydx (6.11) 

V 71 " i 7 a 

Here, 7„ is a contour on the spectral curve, passing through the branchpoint a, and 
whose x projection is: 

x{ la ) = [x(a),+oo[ (6.12) 

Let us also integrate by parts: 

? .3/2 p»i(o) i /• 

G( u ) = e^ (u) = - 2 - — ^ / y d(e~ ux ) (6. 13) 

V 71 " M Aa 



i.e. 



G{u) = e~ 9{u) = 2 / e~ ux dy. 

v 71 " J la 



(6.14) 
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6.3 Introducing the Bergman kernel 

o (g) o 
So far, we have computed W n with the Bergman kernel B, and not with the proper 

Bergman kernel B of the spectral curve S. we now need to reintroduce the correct 

Bergman kernel. 

First, using the local variable Q{z) = \/ x(z) — x(a), compute the Taylor expansion 
of B(zi, z 2 ) near a: 

B( Zl ,z 2 ) - B(z 1)Z2 ) = J2B k ,iC{zi) k C(z2) 1 d(;(zi)d({z 2 ). (6.15) 

k,l 

6.4 The basis d^d 

We introduce the differential forms: 

(2d — IV 1 

dUz) = ~ '-^r^ Res B(z, z') (6.16) 

They are defined globally on the Riemann surface C, and they have poles only at the 
branch point. We also introduce the even forms 

dUz) = - Res B(z,z') — L,. (6.17) 

In the vicinity of the branchpoint we have the Laurent series expansion, using 



Eq. (6.15): 



«.« - - - ^ E **cm'*m (a.is) 



i.e. 



f ( Z ) - i2d ~ 1)l1 ( 1 V R Ciz)k+1 \ 



(6.19) 



And similarly 

dUz) = -2d - B ^-i,k C(z) k d((z). (6.20) 

They are such that when Z\ is in the vicinity of the branchpoint (but not necessarily 

z 2 ): 

00 2 d 

B( Zl , Z2 ) = ^^c(z 1 ) 2 uaz 1 )-——duz2) 



(2d - 1)!! 

Y^^i) 2 *- 1 dt{zi) d~Uz 2 ). (6.21) 



d=0 

00 



=0 
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ally's are computed by taking residues at the branchpoint, we always need 
to replace B(zi, z 2 ) by its Taylor expansion, and therefore, Wn 9 ^ is a linear combination 
of the d£d t ( z i) an d d£di(zi)- Moreover, it is a known property (see [TU]) of Wn^ that 



W^( Zl ,z 2 ,...,z n )+W^(i 



Z\, Z 2 , ■ ■ ■ , Z n ) 



(6.22) 



is analytical when z\ is at the branchpoint, i.e. there can be only odd degree poles in 
C(zi), and thus the even d£d t ( z i) don't appear in wi 9 \ 

Therefore Wn^ can be decomposed uniquely on that basis, as: 



diH \-d n <3g— 3+ra i=l 



Zi). 



We have 



Res ((z) 2k+1 dUz) = -(2d + l)\\2- d 6 k4 , 



so that 



2 d ^ Alf\d u ...,d n ) = (-If Res Wjf\z u ...,z n )H 

7.;— S-f). J- J- 



2 di ^ Zi fd l+ l 

A (2^ + 1)!! • 

o 

In particular for Kontsevich integral, i.e. with B = 5we have 



(6.23) 



(6.24) 



(6.25) 



(<?) 



A n (d h ...,d n ) 



IK 



(6.26) 



9," 



6.5 Lemma 

Lemma 6.1 Let J = {d\, . . . , d n }, and let 2 — 2g — n < ; we /iave 



dWl?\.J) 



1 



<95 



Res Res z k+1 z' l+1 



k,l 



W<&\z,J,J) 



(A; + 1) (/ + 1) *->°o z '->oo 

stable 

+2j2W 2 {0 \z,z l )W^(z',J\{z t }) 



(6.27) 

which implies that 

dA { n 9 \j) 



Z;£j 



•,-k-l-l 



dB 



(2fc - 1)!! (2Z - 1)!! \d*£\k,hJ) 



2k,2l 



stable 



+ EE J ) A i+n%i(l, J \ I) ■ (6-28 



h ICJ 



21 



Moreover the derivatives of An with respect to B k j where k or I is odd vanish. 
We shall denote 

B k>l = (2k - 1)!! (21 - 1)!! 2-^ B 2kj2l . (6.29) 

proof: 

We present a self contained proof of the first equation of this lemma in appendix [D] 
below, but we mention that this lemma is a straightforward application of the formalism 
of Kostov and Orantin [2^ [33], based on earlier work of Kostov, and related to the 
Givental formalism. 

It can also be seen as a very simple generalization of the "holomorphic anomaly 
equations as in p3l ITS] . Let us recall that in [16], modular transformations of the 
spectral curve amount to change the Bergman kernel as: 

B(zi, z 2 ) -)> B(zi, z 2 ) + ^2 C M du k (zi) dui(z 2 ) (6.30) 

k,l 

where du k , k = 1, . . . , genus, are the holomorphic forms on the spectral curve, satisfy- 
ing: 

du k (z) = -L / B(z,z'), (6.31) 
2"T J z >eB k 

and it was found in [16] that 

2 ' = j^t—^ <b <t W^ +2 '(z,z,J) 

dc k ,i (2t7r) 2 J zeBk J z , eBl L 

stable 

+EE w^c^, j\j) 

ft JCJ 

(6.32) 

It can be seen that the derivation of [16] doesn't rely on the fact that du k are holo- 
morphic, it works for du k meromorphic, and thus the present Lemma is an analogous 
of this when du k (z) are of the form du k = ( h d(. 



Therefore, similarly to Eq. (6.30), we write (doing as if the sum over k and I were 



finite), and using the local parameter z = £ = y/x(z) — x(a): 
B(z 1 ,z 2 ) - B(zi,z 2 ) = ^Bj^zf 4 dz 1 dz 2 



k,i 



z k+i z n+i 



B kl Res Res — — B(z, z x ) —— B(z', z 2 ) 

^-^ z^co z'^oo K + 1 / + 1 

k,l 



(6.33) 
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and, similarly to Eq. (6.32), we get 
n dw!f\j) 1 



Res Res z K+1 z 



k+l Jl+1 



dB k> l (k + 1) (I + 1) Z^OO Z'^OO 

I 

+EE J ) J \ i) 



W^\z,z',J) 



h ICJ 



(6.34) 



where Yl' excludes all cases where one of the factors is W^. 

This was just a sketch of the proof, a full self contained proof of this equation is 
presented in appendix [Dj 

Now, let us prove the second part of the Lemma. 

Notice that the sum in the right hand side of Eq. (6.34) includes cases where one 
of the factors is i.e. we write 



dW { n 9 \j) 



dB 



Res Res z k+1 z' l+1 



k,l 



>oo z'— >oo 



W^\z,z',J) 



(k + l)(l + l) z 

stable 

+ E E <#^ J ) ^l'n%i(^J\I) 
h ICJ 

+2Y,wi°\z,z i )W^(z',J\{z l }) 



(6.35) 



Zi£j 



where now ^ stable means both factors must be stable, i.e. we exclude all terms where 
one factor is either or W% . 

Since W^ 0) (z, Zi) = B(z, Zi), the residues of the last term give 



dW { n 9 \j) 



dB 



k.i 



(6.36) 



* - Res Res z k+l z n+1 

(k + 1) (/ + 1) -z^oo z'^oo 
stable 

h ICJ 

+77T7T E % dz > Res z ' l+1 W n ] (z', J \ {*}) 
(I + 1) ^ 



If we write that 



W^( Zl , ...,z n ) = 2 d ^ A<*\d x , , d n ) J] dCd, 

ciiH ^d n <3g— 3+n 



(6.37) 



and using that 



Res z' 2k+1 dU*') = - Res z' 2k+1 d£ d (z') = (2d + 1)!! 2~ d <5 M , 

z'— »oo z'— s>0 



(6.38) 
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and 



we find 



Res z' 2k d£ d {z') = 0, 



(6.39) 



dA ( ^\d 1 ,...,d n ) 



d\ ,...,d n 



dB 



k,i 



dB k , 



= E 5k >™ 5 *>™ ( 2d - ( 2rf/ " 2 ~ d ~ d> [ A n+2\d, d', di, . . . , d n ) 



di,...,d n 



stable 



(6.40) 



ft /C{di,...,d„} i=l 
n 

+4 J>*d^ £ £ < 5 Ii2 *(2(f-l)!!2-^)((f,{d 1 ,...A}\{*})n^(^) 

i=l <f di,...,ci n 



The last line exactly simplifies with the second term in the first line, and thus we get: 



dB 



k.i 



E<Wj,2* (2d-l)\\(2d'-l)\\2~ d - d '- 1 \A^ 2 1 \d,d',d 1 ,... } d n ) 



d,d' 



stable 



(6.41) 



+ E E A ll#I^ J ) A tn!#M', {dl, ■ ■ ■ , d n } \ I) 
h lc{di,...,d n } 



which is the Lemma. 
□ 

o 

At B = B, i.e. at Bkj = 0, we have 



0(9) 



A n (di, . . . , d n ) = < ^ . . . i>t > g , n 



(6.42) 



and thus 



d 



dB 



k,i 

stable 



B k ,=0 



ieJ 



9," 
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Similarly, computing the m derivative at B = B we get: 
d m 



dB kuh . . . dB km ^ n 



And thus, by writing the Taylor expansion we get 

Ate)(d lt . . . , d n ) =< < . . . ^ e^<^ ei<*^') >,,„, 

where 



(6.44) 
(6.45) 
(6.46) 



k,l 



and = Is* is the projection to all boundary divisors 5. 



This ends the proof of theorem 3.3 



6.6 Change of basis 

It is sometimes good idea to change the basis d£d to another basis. 

d£d — E Cd,d-d' d£d'- 



(6.47) 



d'<d 



That gives 



e n ^ (u el Em Ki i ^ kr eEfc kKk 



di i 



diA'- i 

1 5 2 



(/,» 



En w (n^(E^ + <A^)e^-^ 



eg * 



(6.48) 



and therefore it is interesting to introduce the functions 

fd(u) = u d E C d+k u k 
k 

that gives 



(6.49) 



Z\: • • • : Zn ) 



g.n 



(6.50) 



Those changes of basis are very useful for the topological vertex below. 
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7 Topological vertex, proof of theorem |4.1 



Here, we prove theorem 4.1 by applying theorem 3.3 to the toplogical vertex. This 
mostly consists in computing Laplace transforms. 

Consider the topological vertex curve with framing / (see [T]). The 1-leg framed 
topological vertex's spectral curve is iS V ertex = (C\] — oo, 0] U [1, +oo[, x(z) = 
—f In z — In (1 — z),y(z) = — In z, B(z, z') = dz <g> dz' / [z — z') 2 ), which satisfies: 



-fy 



1 -e" 



(7.1) 



It is most often written with the exponential C* variables X = e x and Y = e 

X = Y f (i-y). 

The only branchpoint is at z = a = j^-, at which we have 

-x(a) _ f^ 



z: 



(7.2) 



X a) 



(/ + l) /+r 



(7.3) 



Just observe that changing z — > 1/z is equivalent to changing / — >■ — / — 1 in x(z), 
it changes y(z) — > —y(z) and it doesn't change B(zi,z 2 ), and therefore all t k and 
are unchanged by changing /—>■—/ — 1: 

**(-/ ~ 1) = **(/) , 4,i(-/-l) = 4,i(/). (7-4) 



Similarly, changing z—t-I — j; and x — )■ 1/ fx, is equivalent to changing / — >■ 1//. 
.B(zi, Z2) is unchanged, but in the expansion in powers of x — x(a), the change x — » x// 
induces powers of /. This changes 4 — > t k f 2k ~ l and Bk,i B^i f k+l+1 ; 

4(1//) = f k ~ X h(f) , 4,i(V/) = / fc+ ' +1 (7.5) 

Those symmetry properties are of course the consequences of the fact that C 3 is a 
toric Calabi-Yau 3-fold. 

7.0.1 Computing t k 

If we assume / G R+, we have a = //(l + /) e]0, 1[, and the steepest descent contour 
7 passing through the branchpoint, such that 2(7) — x(a) = K + , is simply 

7 =[0,1]. (7.6) 
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The Laplace transform e 9 ^ of ydx is easily written in terms of the variable z, using 



Eq. (6.14), and gives an Euler Beta-function: 



lU U " ' 1 z^(l-z) u dz/z 



2u 1 / 2 (/ + r(/«)r(i + u) 

T^A r((/ + i)u + i) 

2u 1 / 2 (/ + r(/ M )r(w) 

(7+1)7^ r((/ + i)«) 



(7.7) 

Stirling's large u expansion of the T function gives (see appendix [C 



In T(u) = ulnu — it + — 1b (2tt/u) + 
where is the k th Bernoulli number. That gives 



& 



2 " v "' _/ ' ^ 2k(2k-l) 



21 u x - 2k 



Jo 



f(f+l) 



and for k > 1, £2*1=0 an d 



2A- 



1 



2Jfc(2Jfe-l) VCf + l) 2 *" 1 / 



2fc-l 



1 • 



Notice that it indeed satisfies the symmetries Eq. (7.4) and Eq. (7.5). 



7.0.2 Computing ^ 

We have 



d£ (z) = - Res 



y/x(z') — x(a) 



or integrating once: 



£o(z) = Res 



z'^a z-z' y/x(z') - xja) 
The pole is a simple pole and the residue is easily computed and gives 



tice that x'(z) = 



1 



2/ 



x"{a) z-a \J (1 + f) 3 z 
Notice that x'(z) = ^"Vt^T^ , and thus we can also write 



/ 



2/ 



1 



dz 



f + 1 z(l-z) dx{z) 



(7- 



(7.9) 



(7.10) 



(7.11) 



(7.12) 



(7.13) 



(7.14) 
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Then, for d > 1, we have 

dz' 1 

Uz) = (2d - 1)!! 2~ d Res — ttt^ttt^ (7-15) 

which shows that £d{z) must be a rational fraction of z, with a pole of degree 2d + 1 
at z = a and no other pole, and which must behave as: 

^~ ( xw-^S^ +0(1) - ( " 6) 

Since is a rational fraction: 

we see that —d^d{z)/dx(z) is also a rational fraction of z, and it clearly has a pole only 
at z — a, and near that pole, it behaves like (see Eq. (6.19)) 

,., w , ( , (2d + 1)!! 2- J -' , (2d - 1)!! 2- J -' B M , 
- d6fr)/*K») ~ m _ xia))(d+m + Mz) _ m + 0(D. P.18) 



which proves that 

dx(z 



U+i(z) = -§4^-hota(z), (7-19) 



and then 

& = (-1)*$° - E(-l)^-i- fe ,od fc) = (7.20) 

fc=0 k=0 

where we defined -8-1,0 = —1, and £q = (d/dx) d C,Q. We thus have 



d-i i \ & i g,n 

E Il(- 1 ) 4 (-^-<-i,o) 4 <} (^) (il V'f e^M^M^V e E,4. fc 

= En(- i ) di ^ di) ^) (n^ n( i -E^^ i ) elEw ^ i ^ vieEfc ^ 

di « \ % i k>0 , ,, 

(7.21) 



2n 



7.0.3 Computation of B 0jk 
writing ((z) = y/x(z) — x(a), we have 



Let us compute the Laplace transform: 



>T R K «-*-V2 ( 2fc ~ 1 ) !! 



2 fc 

2 v/ttm ^ B 0:k u 



k 

-fc-1 



(7.23) 



Since d£o(^) + p is analytical at z = a, we may slightly deform the contour, let us say, 
surrounding a in the upper half-plane. We have 



d( U ( x ( z) - x{ a)) f°° <K -«C 2 

C 2 7 oo C 2 



J — oo S 

OO 1 

1 , _„,A2 



C 



oo 

oo 



-2u / rf(e 



-«C 2 



'OO 



= —2 yTXU 
(7.24) 



and 



2 



z) e 



-u(x(z)-x(a)) _ e 'ux(a) / e -ux(z) ^ 



x"(a) Jq z — a 



(/ + 1) 3 


7o ^ - a 




o z(l-z) 

r 1 dz 




o ^(!-^) 



;tc u, w / 2/ r(«)r(/«) 
+ i r((/ + i)«) 
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u 



/ 2f T(u)T(fu) 



ffu 



2 V7TM e 2jfc 2fc(2fe^T) 



/ + i r((/ + i)«) 

u l-3* ( 1+/ l-2 M/+1) l-2 fc ) 



Eventually, we get that 

^B^vT"- 1 = l- e ^Wfe)" 1 - 2fc ( 1+ / 1 - 2fc -(/+ 1 ) 1 - 2fc ) = i_ e " W*«" fc = i_e-fW. 

(7.26) 

where we have redefined g(u) without the term to- 



According to Eq. (7.21), we thus have: 



2 -d a , n e t 0Xg ,n Wi 9 \z h ...,z n ) 



(7.27) 



7.0.4 Computation of B 



k,i 



Following Eq. (6.19), we write 



(7.28) 



and thus 



2^) 
(-lp(2j-l)!! 



2* 



+i 



5q k (fc-l)(fc-3)...(fc-l-2j) c ,_ 2i+1 



2J 



(7.29) 



and that implies by the recursion Eq. (7.19) 
{2d- l)\\2- d 



C 



2d+l 



l) d ^ B ,i + 2d C l+1 (Z + 2d - 1) (Z + 2d - 3) ...(/ + 3) 2" 
i 

£ E^ 1 )* ^-i-*,oSoX'- 2fc+1 (Z - 1) . . . (Z - 2k + 3) 2- 



cZ-l 



(7.30) 



fc=0 j 



and comparing with Eq. (6.19) 



(x(z) — x(a)) 



Z + l 



(7.31) 
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we get: 

(2d-l)\\B 2dd = (-l) d B 0il+2d (l + 2d-l)(l + 2d-3)...(l + l) 

d-i 

+ £(-1)* 2 d - k B 0>l+2k (l + 2k-l)(l + 2k-3)...(l + l) 

k=0 

(7.32) 

and therefore 

d-l 

Bd,i = (— l) d B Q)d+ i + l) fe -B rf -i-fc,o B Qd+k (7.33) 

fc=0 

Let us define the generating functions 

^ Bo^- 1 = l~J2 Bo, k u- k - 1 = e"^ (7.34) 

fc>-l fc>0 

and we remind that we have found that g{—u) = —g(u). We have 

k 

£ = EEE ^i-i v 

fc>0 l>0 k>0 l>0 j=0 

z>o j>o fc>i 
z>o i>o fc>-i 

= - e -9(u)j2J2(-iyB , l+jU - j v - 1 

l>0 j>0 



m>0 j=0 
m>0 



It + 1> 

Finally, the generating function of ; is: 



, , P -s(«) _ P -ff(-«) 
e -«(«) u t, _ . (7.35) 



V = uv -. (7.36) 

k>0 l>0 



This shows that the Laplace transform Eq. (3.21) of B is 



2 l/u + l/v 
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7.0.5 Rewriting using intersection numbers identities 

Now, let us rewrite ^\ t B^^ip^ ip n using lemma A.l in appendix A At each step we 
have to compute 

(7.38) 



^B Kl U k ij n e ^ ikKk * 



k,l 



g,n+2 



where $ is some polynomial in ipx, . . . , ip n , in particular \1/ doesn't involve any k class. 
We write 



k,i 



-9(1/V>) 



^(i/VO _ ps(-W) 



^2 t2jl+1 ' ' ' 



(7.39) 



m Jlv-Jm 



fc=0 



The first identity of Lemma A.l allows to replace it by 



toi, 4.1 . . . t 



£ (-l) fc K m _ 2 _ fc+2Ejl ^ fc (7.40) 



The derivative with respect to t 2 j + i is 



^ (m-1)! «m-2-A+%-+2EiiV' 

"1 JlvJm-1 fc = o 

and the second identity of Lemma A.l allows to replace it by 



(7.41) 



2j 



(7.42) 



fc=0 



I.e. we have 



J2^k,i U k ip' 1 e^ k ' tkKk =$^^^'+1 (~ 1 ) fc (^ fc ^' fc e Efc * feKfc ^ 



A-./ 



g,n+2 



j k 



g,n+2 

(7.43) 



7.0.6 The Hodge class 



We thus see that the spectral curve's class appearing in theorem |3.3[ is the product of 
3 classes: 



e £ fc >o t*(«*-E< e l T.s £w 2k,i is* V fc 4> n 



(A(1)A(/)A(-1 - /)) gn (7.44) 



g.n 
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where 

A(/) = e _ ^ fc f 2 ^ 1 2fc(2i-i) ( K 2k-i-Y.i=i'<Pi k x +| Y.8 S?=o 2 ^' v' 2 *^ 2 "') (7 45) 

Using Mumford's formula [32J, we recognize the Hodge class. 

A (/) = /~ fc Ck(E) = Hodge class. (7.46) 



Theorem 3.3, then says that, for the topological vertex's spectral curve, we have 



W}f\z 1 ,...,z n ) 

= 2 d -e-*«- Yl rK -1 )*^^) « 1 ---<"A(l)A(/)A(-/-l)) 9n . 

di,...,d n i 

(7.47) 

In other words, we have re-proved that the "remodelling the B- model" proposal of 
Bouchard-Klemm-Marino-Pasquetti (BKMP conjecture [251 U\) is valid for the topo- 
logical vertex. This theorem was in fact already proved by Chen [9] and Zhou [37] . 
using cut and join equations. 

7.0.7 Laplace transform and Marino— Vafa form 

Let write £o(z) i n Laplace transform 

oo oo 

&(z) = c » e ~" x(z) = E ^ ( 7 - 48 ) 

This is equivalent to a Taylor expansion near z = 1, in powers of -X"(z) = e _a: ^ = 
z* (1 — 2). We thus have 

C, = Res ^X^)-"— 



1 / —f dz dz 
Res — — - -I z ^ 



vW + 1) ^ (/ + !>-/ V ^ 

^ Res ,. 1 x (z) -A*-f(l-*)) d * 



77(7+1) ->i (/ + !)*-/ W z(l-z) 



2 r/z 
Res X(z)-^^^- 



vW+i) ^ *(* - *) 

1 cfe 

Res 



^2 r(i + / i(/ + i)) 
v7(7+i) /^ !r d + ^) 
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V2(f + i) r(M/ + i)) 



/ Vf(f + 1) 

This implies 



That gives the Laplace transform of Wn 9 ^ as: 



W^)(zi,...,^) = 2 d ^e-^"(2(/ + l)// 3 ) n / 2 

Mil — !/"" 



I n i 

(IIt— — A(1)A(/)A(-/ - 1) 



(7.49) 



&(,) = - + £ r( ^/, + /' ) (7.50) 

and taking derivatives: 

w = - hv) d+i dx{ Z ) Ve-^ r(/ ; ( X + i )) - ( 7 - 51 ) 

Then, write 

D-***"*-^ (7 ' 52) 



(7.53) 



which is the famous Marino- Vafa formula [29j ES] . 

8 Examples 

Let us show a few more examples. 

8.1 Example: Weil-Petersson 

Choose the Weil-Petersson curve: 

y = _L S in(27rv^) (8.1) 

o 

or more precisely <Sw.p = (C, = z 2 ,y(z) = 5- sin (27nz), £> = 5). It has only one 

o 

branchpoint at 2 = a = 0, and B(z, z') = B(z, z') = dz ® dz' / (z — z') . 
We have 

o 7 ,i/2 /• 
= e" 9(u) = — =- / e~ ux dy 
V 71 " J 

e cos (2irz) dz 
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1/2 poo 

I —uz 2 I 2iirz i _ — 2iwz\ 



e~ uz (e 2tnz + e~ 2lnz ) dz 



= 2^=- / e~ uz2 e 2 ™ z dz 



■DC 



e -u(z-iTr/u) 2 e -n 2 /u j z 



i.e. 



and thus 



We also have 



(8.2) 

g(u) = -\n2 + n 2 /u (8.3) 



9," 



and thus 

»'<»>(2l,...,2„) 

do+diH hdn=rf 9 .n »=1 * \ ' i=l / g,n 

do+diH \-d„=dg, n i=l i \ i=l / g <n 

do+diH hrfn=d 9i „ 1=1 * \ 1=1 / 9) „ 

(8.6) 



Notice that 
therefore 



/"LrfLL-e-^^ (8,, 



cbi . . . dz n 

N poo « r2d t / (0~2 K \d n 

do+di+-+(in=d 9 , n i=l - 70 i=l l ' \ ' i=l 



9," 



■ l) n 2 Xs ' n 



dg,d ._, Jo \ 
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ly POO 

(-1)»2^JJ/ UdUe 
i=i - 70 

(8.8) 



Zi Li / e 27r 2 Kl +iE?=i^ v 

9,™ 



It is known (see Wolpert [31]) that 27t 2 ki is the Weil-Petersson form. In the Fenchel- 
Nielsen coordinates (k,9i) in Teichmiiller space: 

2 7 r 2 « 1 = Ad6i, (8.9) 

i 

and thus, we have rederived that the symplectic invariants are the Laplace transform 
of the Weil Petersson volumes 



Vol(L 1; ...,L n ) = ( e ^+*Z2=x L &) . (8.10) 

9,n 



The fact that symplectic invariants satisfy the topological recursion, is equivalent 
[3T| [T7J [25] (after Laplace transform), to the fact that Weil-Petersson volumes sat- 
isfy Mirzakhani's recursion relation |30j . 



8.2 Example: Lambert curve 

Choose the Lambert curve (C\R_, x(z) = — z + ln z, y(z) — z,B — dz\®dzij{z\ — z 2 ) 2 ), 
i.e. y as a function of e x is the Lambert function: 

e x = ye~ y <-> y = L{e x ). (8.11) 

We have 

dx = {-1 + -) dz, (8.12) 

and thus there is a unique branchpoint (solution of dx — 0) at a — 1, y — 1, x — — 1. 

In principle, all the computations about the Lambert curve can be obtained by 
taking the / — » oo limit in the topological vertex [HI, [29J [25] , however, for completeness, 
let us rederive it directely. 

8.2.1 The times t k 

The steepest descent path 7 such that x(j) = [— 1, +00 [, can be written in polar 
coordinates z = pe td , as p = 9/ sin 9, see fig. [I] It is easy to see that 7 can be deformed 
into a contour surrounding the negative real axis R_. 
We have: 

e- 9(u) = (ye-y)~ u dy 



7T 
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Figure 1: The steepest descent path for the Lambert curve. It surrounds the negative real axis. In 
polar coordinates, it has equation p = 9/ su\Q. 



2u 1 / 2 e~ u 



y~ u e uy dy 



71 

u l/2 e -u f oo 



7 



= 4isiri7ra = — / y u e uy dy 

V 71 " Jo 

u l/2 e -u 

= 4isin7ru ■= — w u_1 r(l — u) 

(8.13) 

From the Stirling expansion: 

1 °° B 

In r(«) = u In u - u + - H2n/u) + £ ^f^) u l ~ 2k (8. 14) 

we find 

t = --ln8+ — , t 2k -i= , B , 2k \ ' (8.15) 
2 2 2k(2k - 1) v ' 

We thus have to consider: 

pEt>l tkK k _ g~ Efcll 2fc(2fc-l) K 2k-1 _ I (O 

12 K ' J 

8.2.2 Computing £ d 

Like in section [7j we have 



dz 1 / 2 1 -i 72 . w . 

£o(z = Res . = J —— = —. 8.17 

V ; z-z' y/ x (z') - x(a) V x"(a) z-a z-1 v ; 
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Notice that x'{z) = — : -, and thus we can also write 

. . , i a/2 dz 

«>« = ~ 137)' < 8 ' 18 > 

And like in section [7J since x'(z) = is a rational fraction with a zero only at 
z — a — 1, we see that —d^d{z) / 'dx(z) is also a rational fraction of z, and it clearly has 



a pole only at z — a, and near that pole, it behaves like (see Eq. (6.19)) 



- ^/■"W ~ ( , w - wpiw + ^ _ x(a) + °< 1) - (8 ' 19) 

which proves that 
and then 

id = (-1)*$° - £(-!)* ^-i-^f = -X:(-l) fc J3 <l _ 1 _ Jfcl o^, (8.21) 

fc=0 k=0 

where we defined B-ip = —1, and ffl = (d/dx) d C,Q. We thus have, like in section [7] 
2~ d ^w!f\zi,...,z n ) 

di i \ i i k>0 1 

(8.22) 

8.2.3 Computation of _B ,fc 

Like in section [7| we have 

f (d£ (z) + ^) e-^^-W) = - 2 J] S 0) fe w- fc_1 . (8.23) 

J i ^ k 

Since d£o(z) + ^| is analytical at z = a, we may slightly deform the contour, let us say, 
surrounding a in the upper half-plane. We have 

<K -„(»(,)_*(«)) = _ 2 / g>24) 
and 

1 



y 7 ^ j v*» A 



c 



// (> ■ z \/2 / o 

2 — 1 



z-1 

dx(z) ux ( z ) 
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dz 



7 



-uiV2e~ u 
2 sin Oku) ui 



7 



-e uz z~ u 
z 

00 dz 



e -uz z -u 



Z 

2sin(7rM)Miv / 2e- u u u T(-u) 

27cuiV2e- u u u —^ — - 
T(l + u) 

(8.25) 



Eventually, we get that 

^B 0tk u- k - 1 = l-<£**$=V ul ~ M =l-e- 9(u \ (8.26) 



where we have redefined g(u) without the term to. 
We thus have: 



/ g,n 

(8.27) 

Then, all the same steps as in section 7 give that the generating function of B^i is: 



z »>-e~™'- vv~'{Zi,...,z n ) 

eik- 1 )*^^) (n 

di i \ i 



y YB kl u~ k v- 1 = uv - -. (8.28) 

' ' U + V 

k>0 l>0 



And, using lemma A.l as in section [7j we get 



(8.29) 



9,n+2 ^— \ / g,n+2 

k,l j k 



8.2.4 The Hodge class 



We thus see that the spectral curve's class appearing in theorem 3.3 



is: 



eEfc^tfc^-Ei^elEiEfc.i^.i^^^'N = (A(l)) n (8.30) 



g,n 
where 

A (i) = e ~ Efc ^fe) K-i-EL^f^+l E.Ef^o^-i)'^^^- 2 - 1 ) ( 8 . 31 ) 
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i.e. using Mumford's formula [32], we recognize the Hodge class. 

A (/) = 5Z(-l) fc /~ fe c fc (E) = Hodge class. (8.32) 



Theorem 3.3, then says that, for the Lambert spectral curve, we have 



(8.33) 



di,...,d n i 



In other words, we have re-proved the Bouchard-Marino conjecture [8]. This theorem 
was in fact already proved in [B] using a matrix model, and in [T3] using cut and join 
equations. 

8.2.5 Laplace transform and ELSV form 

Let us Laplace transform £,o(z), i- e - expand it near z = 0, in powers of X(z) = e x w = 
ze~ z : 

00 00 

Uz) = E c * e " x(z) = E c » ( 8 - 34 ) 

Ai=0 n=0 



We have 



C, = Res Zo(z) X(z^ ^ 



w w X(z) 
1 rfz 

iV2 Res - — -X{z)-»dx{z) 
z^o z dx(z) 

1V2 Res — X(z)-" 
iV2 Res — z-» e^ z 

z^O Z 

iV2^ 



Hi 

(8.35) 



This implies 



and taking derivatives: 



&(z) = iy/2 J2 e " x(z) ( 8 - 36 ) 



J° (z) = i V2 E e ^ x ' (z) ^7 / +1 dx(z) . (8.37) 



Then, write 

Edi+l idi ^ 
/V W = j 



(8.38) 



40 



That gives the Laplace transform of Wn 9 ^ as: 



W^(zx,...,z n ) = 2 d *» e - ioX ^ (-2) n / 2 YI^y ^^ Mz ' ] dx( Zi 



m,...,n„ i- 



\ *— 1 / g,n 

which is the famous ELSV formula [TU] [TT] for Hurwitz numbers. 
8.3 Matrix models and Hankel class 

Formal matrix model are generating functions enumerating discrete surfaces. Their 
correlation functions are defined as power series in t: 

00 y +n 3 (S),n4,(S) ,n d (S) 

J n *\x u ...,x M ,...,t d ) = ^ £ — — 3 ( 4 } (g.40) 

u=l SeM ff ,„(i;) ^ v ' x l • • • x « 

where M 9i „(t>) is the finite set of oriented discrete surfaces (also called "maps", see 
jU [35]), made of polygonal faces of degree between 3 and d, of genus g, and with v 
vertices, and with n polygonal marked faces (and each marked face having one oriented 
marked edge). If S G M fl n (t>), we call Uj(S) the number of unmarked faces of degree j 
(and we have j > 3), we call k(S) the degree of the i th marked face, and #Aut(5') the 
cardinal of the automorphism group of S. 

Most often, the dependence on t;t 3 , . . . ,td will be implicitely understood, and we 
write 

uj^{xx, ...,x n ) = u^Xxx, ...,x n ;t;t 3 ,..., t d ). (8.41) 

It was proved in [12] that the generating functions Wn^ = Un dx-y . . . dx n satisfy 
the topological recursion, with a spectral curve given by [35J: 

C = C* 

x(z) = a + j(z + l/z) 
where the coefficients a, 7 and Uk are determined by: 

Ek + z~ k ) = x{z) - EU l i x W~ l 

u = (8.43) 

and we choose the unique solution such that 7 2 = t + 0{t 2 ) and a = 0(t). 
• Example Quadrangulations 



'Matrix 
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we choose t 4 7^ and all other tj — 0, that gives 



and thus 



Ml = ^ , U 2 = , M 3 = -t 4 7 3 



C = C* 



(8.44) 



x ( z ) =7(^ + 1/2;) 

'Quadrangulations — ^ £/(^) = ~ ^47^ ^ _ ^ 1^0.40 J 

Solving x'(z) = 0, we see that those spectral curves have 2 branchpoints, located 
at z — a — ±1. the case of multiple branchpoints will be done in a coming paper, but 
for the moment, let us compute the spectral curve class associated to the branch point 
at a = 1. 

Assuming a and 7 real positive, The steepest descent path going through a = 1, is 
simply 7 = [0, 00 [. The Laplace transform gives 

dz 



■u k z 

z 

k 

-oo 



f e -«W*)-*(»)) dy(z) = 7 / e - M7{2+1/2 " 2) k ' 

A Jo k 

/oo 
e -2« 7 cosh^ ^-H d( p 

/, -°° 

= 7T 7 e 2 " 7 ^ fc u k H k (2i 7 «) (8.46) 

k 

where H k is the k th Hankel function of the 1st kind (which is closely related to the 
Bessel function). Therefore 

e" =2 7 y/¥u e 2 " 7 J2 ku k H k( 2i l u) (8-47) 

k 

We also have 

& w = yS ^ = 7f rh: (8 - 48) 

and 

" 2d y+i/2 1. (z _ 1)2 *fi- fc y J • ( 8 - 49 ) 

This computation can be in principle pursued, and would give the number of quad- 
rangulations (or other discrete surfaces) in terms of intersection numbers. This will be 
the purpose of another work. 
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8.3.1 Example: resolved conifold 

On can also try to apply the general formula to the Resolved connifold's spectral curve, 
in order to check the BKMP conjecture. 

The conifold's spectral curve S is S = (C,x(z) = — flaz + ln(l — z) — 
In (1 — qz\y[z) = — In z, B(zi, z 2 ) = dz\dz-ij{z\ — Z2) 2 ), it satisfies 

1 _ e -y 

e"* = e ~ fy . (8.50) 

It is most often written with the exponential variables X = e~ x and Y = e~ y = z, as: 

X = Y'1=^. (8.51) 

There are 2 branchpoints, a + > and a_ < lng. We assume < q < 1, and thus the 
steepest descent paths for the Laplace transforms are z G 7+ = [0, 1], and z G 7_ = 
]l/g,oo[. 

The Laplace transforms e~ 9± ^ of ydx are easily written in terms of the variable z, 
and give hypergeometric functions of q: 

2u l/2 e ua ± 



g-9±(«) 



= / z fu (l -z) u (l -qz)~ u dz/z 

5.52) 



Thus 



- — / z fu {l-z) u {l-qz)- u dz/z 



2 F 1 (u, fu;fu + u + l;q) 



JO 

2u l i 2 e ua + r(/«)r(« + i) 

v^F Ufa ■ u ■ 1) 

5.53) 



and, by a simple change of variable z — » g/z: 

/•oo 

/ ^ M (l-2) u (l-g^)-" cfe/ 

•/l/o 



e -,-<«) = 2 ^ 1/2e " a - 



= e' 9+i - u \ (8.54) 

However, it is not so simple to compute explicitly the large u expansion of g±(u), 
and this computation will be pursued in other works. 

9 Conclusion 

We have found the interpretation of symplectic invariants of a spectral curve, in terms 
of integrals over the moduli-space M. g n . 
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With this formula, we have found new proofs of the Bouchard-Marino conjecture [8] 
for Hurwitz numbers, and BKMP conjecture [7] for C 3 . We hope that the extension of 
the formula for several branchpoints, could help prove the BKMP conjecture for more 
complicated toric geometries, but there is still some substantial work ahead. 

Remarks about Mirror symmetry 

• Intersection numbers "count" complex curves with marked points, in some moduli- 
space of curves. They are related to a type A topological string theory. The moduli 
which appear in the intersection numbers are the and Bk/s and 

• On the other hand, symplectic invariants are defined in terms of moduli of the 
spectral curve, and in particular in terms of the Bergman kernel B{zi,z%) and in 
terms of the 1-form ydx. They are obtained by computing residues, i.e. in terms of 
the complex geometry on the spectral curve. They can be thought of as a type B 
topological string theory. 

We see that the relationship between the type A moduli and the type B moduli, is 
the Laplace transform, for instance: 

e" = f2f_| / e - ux ydx (9.1) 



7T 



7a 



relates the moduli i& of K-classes to the 1-form ydx. The moduli of ip classes, encoded 
in d£d and in B^i, are related to the Laplace transform of the Bergman kernel. 

Notice also that the steepest descent contour j a , defined as 

Imx(7) = constant (9-2) 

or equivalently 

Arg (X(i)) = Arg ( e - x(7) ) = constant (9.3) 
is closely related to the definition of Lagrangian submanifolds. Indeed, write 

X=\X\e- e } (9.4) 

the steepest descent contour j a is a contour along which dQ = 0. 

We thus see that there seems to be a deep link between this computation, and 
mirror symmetry, but this link is still to be clarified. 

Namely, it seems important to understand how the Laplace transform of ydx is 
related to ^-classes, and the Laplace transform of B is related to ^-classes ! 
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Appendix A 

A Some relationships among intersection numbers 

Lemma A.l We have the following identities for intersection numbers 

** -(^tle-^^e^^n^) , (A.l) 

i=1 / g,n \ i=1 I g,n+l 

€X\ ^ ikKk fltf) = E E eEfe ~ tkKk ft ^ f 

"(A.2) 



ml 

1 / g,n+l m jii— Jm \ i=l / g,n 



proof: 

Those identities can be deduced from direct geometric properties of tautological 
classes, similar to [3]. 

However, let us show a proof based on general properties of symplectic invariants 



specialized to theorem 3.2 



Let us consider an infinitesimal variation of spectral curve: 

y^y + Sy (A.3) 
in other words, since y(z) = J2 k tk+2Z k : 

t k ->t k + 5t k . (A.4) 
This induces a variation of the times t k through Laplace transform: 

2 v/ 3 / 2 r 

5( e -9(«)) = -8 g {u) e -9^) = / e -™ 5y dx ( A _ 5 ) 

'IX I 
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Let us consider a function 5y(z) = such that: 

5y(z) = -y(z) , x(z) = z 2 , (A.6) 



d W 



dx(z) 



i.e. more explicitly 



^ = (* + 2)(* + 4)...(* + 2 < fl ^ (A ' 7) 

By integration by parts we compute Sg: 

o 7,3/2 /• 

fy(u) e" 9(u) = — / e~ ux y dx = u~ d e~ 9{u) (A.8) 



/7T 

i.e. 



^(u) = (A.9) 



i.e. 



4 -> 4 + 4, A, (A. 10) 
i.e. our infinitesimal variation 5 is in fact 

5 = A. (A.ll) 

On the other hand, we compute the dual cycle to the variation by of the spectral 
curve as (form-cycle duality is realized by the Bergman kernel): 

8y(z)dx(z) = Res B(z, z') y^ d ~ l \z') (A.12) 

and the special geometry property of symplectic invariants then implies that: 

5Wjf\z u ...,z n )= Res Wi 9 i 1 (z ll ...,z n ,z')y(- d - 1 \z>), (A.13) 

z'— >co 

and since the only poles of Wjf^i are at the branchpoint z = 0, we may move the 
integration contour and get: 

6W<*\z 1 ,...,z n ) = - Res W® 1 (zi,...,z n ,z')y<-- d - 1 \J). (A.14) 

z'— >0 



From theorem 3.2, we thus have 



'-l) n 2 3g ~ 3+n 4t- ^ e ^ fe * fc/tfc 



d 



i=l 



_ ( _ ir+l23s -3 + „ +1 Res y <--') ( -) x: (2 ^ii"f n*f 



46 



(A.15) 

using Eq. (A.7), the residues give: 



Kd e E, h« n ^ \ = y: t2fc+3(2 2 t +1)!! ( €%r ^ n ^ 

* = 1 / g,n k \ i=l I g,n+l 

I n \ 

^ie- E fc*^"+ie E ** fcKfe JJ Vf* > ■ ( A - 16 ) 

\ i=l / g,n+l 

This ends the proof of the first identity. Notice that when all tk = 0, this identity is 
well known [3]. 

• Now let us prove the other identity. We choose 

5y{z) = z 2d+l . (A.17) 

That gives 

- 5g{u) e-sM = ^ f e~ ux x d+1 l 2 dx = ^j 1 ^ (A.18) 

y 7T J 2" _i M d 



i.e. 



= _(2d + W v ^ Vi M E;H 

m 31, -,3m 

(A.19) 

which implies 

= - (2 ^ 1 1)!! £ E >^-^ E ^ Kfe , (A.20) 



"1 JlvJm 



and thus 



,5 W,<»> (;„...,*„) 

m ji,.. .,jm di,...,d n 

(A.21) 

On the other hand, we can compute 5Wn 9 ^ from the special geometry property. The 
dual of 8y is given by: 

8y(z) dx(z) = Res B(z,z') z' 2d+3 (A.22) 
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and thus 



5Wjf\ Zl ,...,z n ) 

2 — Res w!fl(z 1 ,...,z n ,z')z'^ 
la + 3 z'->oo 



- m>" +1 2™ TUfpT e n ^ IK 

di,...,d„ 1=1 * \ 1=1 / g,n+l 

(A.23) 

Comparing those two expressions of 5Wn^ completes the proof. 
□ 



B Table of intersection numbers 



We 



organize them by Euler characteristics. 



-X dg,n -> 



1 < 1 > ,3= 1 



< «1 >1, 



24 
J_ 

24 



< T 2 >1,2— 24 

< T"l >1,2- 24 



1 

3 2 2« 



< Ti > ,4= 1 

< «1 >0,4= 1 



< Ti/Ci >1,2= -J 

< ^2 >1,2= 24 

< Wj >1,2= | 



< «3 >2,0 : 

< K 2 K 1 > 2 ,o 

< «i >2,0— 53225 



fi S2> 



< r 2 > ,j 



1 

-,= 2 



< IT > ,5= 

< TiKi > ,5= 3 

< K 2 >0,5= 1 

< «? >0,5= 5 



J_ 

12 



< T 3 >i, 3 = 24 

< r 2 n > 1>3 = 

< > 1)3 = £ 

< r 2 Ki >i, 3 = | 

< rf/ci >i, 3 = | 

< nK 2 >i,3= | 

< T X K\ >i i3 = If 

< «3 >1,3= 24 

< «2«1 >1,3= 1 

< K? >l, 3 = |j 



< T 4 >2A- 



3 2 2 7 
_ 29 



< T3/C1 >2,1— 532-^7 

< r 2 /t 2 >2,1= 532-^7 
^ _ „.2 v. _ 139 

< T 2 «l >2,1- 532-^7 

< Tl^3 >2,1= 3^7 

< T\K 2 K\ >2,1= 5 32V 

^ _ „.3 v. _ 169 

< Tl«i >2,1- 5-327 

< K4 >2,1= 32-2T 

< K3K1 >2,1= 5 32 2 7 
^ K 1 v. _ 53 

« 2 >2,1— 5 32 2 7 

< K 2 K-y >2,1— 5 33 2 7 

< >2,1— 2T 
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A few easy general relations are 



<7T d > ,n= (n-3)! 

fc T (n-3)! 
< r* * > ,„= - < * >„- 

(n — 3 — k)\ 



(B.l) 
(B.2) 



^ r»"6 r >> ( n ~ 3 ) ! 
<r 1 r 2 > ,n= r 



< T"l 7-3 > ,n= 



(n-3)! 
~~3! 



(B.3) 
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<^ 2 2 >o,n=^V^ 6 (B.4) 

< T3 9 - 2 >g,l = < ^3g-3 >g,0= (B.5) 



C Stirling approximation 

We have 



oo 

U— 1 _, — 2 



r(u) = / dzz^e-'dz (C.l) 
Jo 

And it has the large u asymptotic expansion 

1 °° B 1 

In r W = „ In « - « + - In (ar/«) + £ ^ (C.2) 

where B k is the fc th Bernoulli number: 

Bo = — , Ba = , Bp. = , Bs = , -Bin = , By) = — .... (C.3) 

2 g , 4 3Q , 6 42 , 8 3Q , 10 g6 , 12 273Q , V ) 

The Euler Beta function is: 

B(u, v) = f dz z^ (1 - 1 = 3^1. (C.4) 



D Proof of Lemma 6.1 



We prove it by recursion on 2g — 2 + n. 

We shall always use the local parameter z = ( = \J x(z) — x(a). We have, in the 
small z expansion: 

B(z u z 2 ) = f 1 ® dZ * + V B Kl z\ 4 ^ ® cfe 2 . (D.l) 

First, notice that the recursive definition of VFji involves computing 2g — 2 + n 
residues each containing a Bergman kernel, and also some residues may involve one or 
two = B. Eventually, we see that Wi g) is a polynomial in the B^/s of degree 
at most dg yn = 3g — 3 + n, and also, since we compute residues at each step, Taylor 
series near z = can be truncated to the order of poles, and this means that each wi 9) 
involves only a finite number of B^/s. 

Therefore, there is no loss of generality in assuming that only a finite number of 
Bk/s are non- vanishing. Let us also assume for the moment that Bk,i and Bxj. are 
independent variables, but in the end we will have to choose B k i = B i k . 
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Our goal is to prove by recursion that: 



z k+l ll+l 



Res Res , 

Z->00 z'->00 K + 1 I + 1 



+EE <#^> J ) J \ J )l • ( D -2) 



h IcJ 



Initialization of the recursion 

Notice that 



y /fc+i 



- Res B(z.z')- = z k dz 

z>->oo V k + 1 



(D.3) 



Therefore we have 



C-Dfc,Z 

v k+i 



= Res Res — — - B(z, z ± ) — — B(z', z 2 ). 

z^oo z'^foo K + 1 t + 1 

This is the initial case 2g — 2 + n = for the recursion: 

W?\ Zl ,z 2 ) 



(DA) 



d d 
dB k j dBi jk 



z k+l ll+l 



(D.5) 



Res Res , 

Z-¥CO z'->00 K+1 I + 1 



Wf ^WfV, + W 2 < > (z, Z 2 )W?\z', Zl )] . 



This implies for the recursion kernel K(zq,z) defined in Eq. (??): 

dK(z ,z 1 ) 



Res Res 



z k+l ll+l 



dB k 1 z->co z'^oo k + 1 I + 1 



B(z ,z)K(z', Zl ). 



(D.6) 



Assume that we have proved the lemma for every 2g' — 2 + n! < 2g — 2 + ra. We 
have (where J = {^i, . . . , z n }): 



W^Uz^J) = Res n K(z Q ,z") [wfeV, -s", J)+£ £ wftjO*", /) ^V^"' J\/) 

(D.7) 



ft /CJ 



and thus 



9 



d 



dB k , 



ft /CJ 
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+ Res K(z , z") 



z"->-0 



d 



W, 



(a- 1 ) ( ji ji 



dB k , " n+2 



z\ -z", J) 



h ICJ 

'CO ill 



(D.8) 



+w±:> #I (z", i) J- <; j \ /) 



The first term, with d K(z , z")/dB k ,i gives simply 



Res Res f — — B(z ,z) W^z' , J) 



(D.9) 



Let us now focus on the second term, i.e. djdB kl + d/dB^ k of the bracket. From the 
recursion hypothesis, it gives 



(1) 
(2) 

(3) 

(4) 

(5) 

(6) 

(7) 

(8) 

(9) 

(10) 

(11) 



(D.10) 



Res Res ^ [w&V> -z", z, z', J) (1) 

+ E ^^(^-^^o^-^v.jn/') 
+ E C^^i^K^.An 

h'J'CJ 

+ E ^K^i^Vy.An 

h'J'CJ 

+ E wj^\^,z,^I)W^(-^,J\I) 

h,ICJ 

+ E E ^(^.^^^V^AO^y-^JN/) 

h,ICJh',I'Cl 

+ E E O^)^SV^^.A/0^a(-AA/) 

hJCJh'J'Cl 
fi,/CJ 

+ E E J ) J/ ) (■/ \ i) \ n 

hJCJ h',I'cJ\I 
h,ICJ h',I'CJ\I 



Now, we multiply by if (zoj 2") and take the residue at z" — > 0, then, by definition of 
Wi 9), s, terms (2) + (7) + (10) give 



Kl r (z , z, I') w[ 9 - n % v {z\ J\I>), 



(D.ll) 



h'J'CJ 
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terms (5) + (8) + (11) give 



J2 wMA*,nw<&iA«>^j\n, 

h'J'cJ 

and terms (1) + (3) + (4) + (6) + (9) give 

W^\z ,z,z',J). 

And thus finally: 



d 



= Res Res 



J?-) Wjfl(z ,j) 



z k+l ll+l 



Wtn\z ,Z,z',J) 



z->oo z'^oo k + 1 I + 1 

+B(^o, *) W^*', J) + Wi 9 l(z, J) B(z , z' 

h'J'cJ 



h'J'cJ 

which proves our recursion hypothesis to order 2g — 2 + n + 1. 



(D.12) 



(D.13) 



(D.14) 
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